
Take it further

Draft: Do Not Quote

Page 43

Pat : All this stuff about completing the square is com-
pletely obsolete now that we have graphing calcu-
lators.

Chris : What do you mean?
Pat : Well, look for example, at problem 11. If I let y be

the area of the pen and x be the length of one side
of the pen that is perpendicular to the wall, then

y = x(180− 2x)

So, I graph the function f(x) = 180x − 2x2, find
the high point by zooming, and I’m all done.

Chris : But that only gives you an approximation of the
best value for x. How would you find the exact
answer?

Pat : I can zoom as long as I please. Isn’t 10 place accu-
racy enough for most practical applications? And,
what would you do if the function came out to be a
cubic? For kids who don’t know calculus, approx-
imation is the only way.

Suppose you were in the teachers’ room. What would you
say?

Take it further

An important result in elementary algebra is the quadratic for-
mula. It says that the solutions to the equation ax2 +bx+c = 0
are This is not an optimization

problem, but it is an
interesting application of
completing the square.

x =
−b+

√
b2 − 4ac

2a
and

x =
−b−

√
b2 − 4ac

2a

16. Prove the quadratic formula.

17. Fran maintains that one can find the minimum or maxi-
mum of a quadratic expression by looking half way between
the roots. Critique Fran’s method. What’s half way between

−b+
√
b2−4ac
2a and −b−

√
b2−4ac
2a ?

c© Education Development Center, Inc. 2002 GAMT: May 24, 2002



Page 44

Draft: Do Not Quote

Squares are never negative

Wally is looking at Fran’s argument in problem 17

Wally : But some quadratic expressions don’t have real
roots. How can you go half way between two num-
bers that don’t exist?

Fran: Well, they exist,they’re just not real numbers. But,
to be honest, I’m thinking of the function f(x) =
ax2 +bx+c. It’s graph is a parabola, and it’s roots
are where the parabola cuts the x-axis. Half way
between those is the axis of symmetry.

Wally : Well, for functions like f(x) = x2 + 4x + 6, there
are no x intercepts. What do you do then?

Fran: Hmmm . . . . I’d flip the parabola over the horizon-
tal line through it’s vertex and go half way between
the intercepts of the flipped parabola.

Wally : And how do you know that this will give you the
same thing as going half way between the roots of
the original expression?

18. Suppose f(x) = ax2 + bx+ c is a quadratic function whose
graph doesn’t cross the x axis.
(a) What does this say about the coefficients a, b, and c?
(b) Find the equation of the “flipped” parabola that Fran

is talking about. What are it’s roots? How are they
related to the roots of f?
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2. The Arithmetic Geometric Mean
Inequality

In this activity, you’ll learn an algebraic technique that can be
used to solve a surprising variety of optimization problems. But
let’s start with a problem that can be approached in many ways.

PROBLEM

Find the line that passes through the point (3, 4) that cuts off “Find the line” means find
any information that will
determine the line, like its
equation or another point on
it.

the smallest area in the first quadrant.

1. Solve the problem any way you can and, whether you come
up with an exact or an approximate solution, pay attention
to the process and methods you use in solving it. Record
some of your thinking about how to solve the problem,
and any insights you gained by thinking about the pro-
cess/methods you used. Make sure to include the differ- Questions to Ask: What

determines the equation of a
line? How can you get the
intercepts from the equation?
Can the intercepts help you
solve this problem?

ent approaches you tried, and which directions or methods
failed to help, which seemed most helpful, and why.

Ways to think about it:

As usual, the importance of a mathematical problem lies
in the thinking students develop when working on it. So
while working on the following problems we’ll also focus
on some particular methods used to solve the problem and
the mathematical habits of mind behind those particular
methods. We’ll look at experimental solutions using dy-
namic geometry software, analytic solutions using calculus
for an exact result and graphing for approximate results,
a geometric solution, and an algebraic approach that will
lead to the main results of this activity.

A dynamic geometry experiment. Most dynamic geometry
environments allow you to calculate area of polygons. So, on a
coordinate axis, you could set up a “variable” line that passes
through the point with coordinates (3, 4), controlled by, say, it’s
y-intercept.
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In this figure, the line passes through (3, 4) and a moveable
point L on the y-axis. The system then calculates the area of
�LOM .

2. Set up a similar experiment in your dynamic geometry
environment.
(a) What facts from high school mathematics did you

need to know in order to make the set-up?
(b) Use the set-up to make a conjecture about the opti-

mal line.
(c) Does the experiment or the design of the set-up con-

vince you of your conjecture?
(d) Does the experiment or the design of the set-up help

you with a proof of your conjecture?

3. The area of�LOM is a function of the position of L alongThe function can be described
by a formula (and we’ll do
that shortly), but right now,
just think of the
correspondence
OL �→ area �LOM

the vertical axis; that is, the area of �LOM is a function
of LO. Without writing anything down, drag L up and
down and watch the area calculation change. Describe the
behavior of this function. For any area A larger than the
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smallest area, how many values of OL produce A? What
might a Cartesian graph of this function look like?

Write and Reflect:

4. What might students learn about the problem be setting
up and using a dynamic geometry experiment? How would
it affect the way they think about the problem? What
mathematics would they use? What mathematics would
they learn?

Thinking About Student Thinking:

Joel, an 11th grade student, made the following argument:

“First of all, there’s a rectangle and two triangles.

The rectangle is always 3×4, so it’s area is 12. So what
I really want to look at are the two triangles, and as I
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Theorem 2 Suppose r and s assume only positive values. Then

1. if rs = k (a constant), then �r +ms is a minimum when � and m are positive
constants.�r = ms

2. if �r + ms = k (a constant), then rs a maximum when
�r = ms

11. Prove this theorem.

Actually, the theorem is true for more than two variables, and
the general result can be used to solve all kinds of optimization
problems. The goal of the rest of this activity is to get to this
more general result, and we’ll do it via a very beautiful theorem
called the “arithmetic geometric mean inequality.” Let’s see
what it says, first for two variables and then for any number.

Remember problem 2 on page 15?

The expense of building a house depends greatly on its
perimeter; that is where the expensive things like win-
dows and doors are found. Suppose you want to build
a house with a rectangular base. Given your budget,
you decide you can afford a house with total perimeter
of 128 feet. What dimensions should you choose for the
base of the house if you want to maximize its area?

And Jo’s solution to it?

I’ll show that a 32× 32 square is best by demonstrating
that any other rectangle with a perimeter of 128 has
area smaller than the area of the square. I’ll do this by
showing that I can cut up such a rectangle and make it
fit inside the 32× 32 square with room to spare.
Suppose, for example, I have a 40× 24 rectangle.
First, I’d cut it like this:

Snip. Then rearrange these

Then, I take the small strip off the side and put it on
top of the 24× 32 rectangle:

c© Education Development Center, Inc. 2002 GAMT: May 24, 2002



32'

24'

8'

24'

32'

24'

8'

24' 24'

?

?

Page 54

Draft: Do Not Quote

The Arithmetic Geometric Mean Inequality

to get this Which is not quite
a square.

The operation rearranged the area, but I didn’t add or
lose any area. Meanwhile, my two pieces cover some of
the 32 × 32 square, but not all of it. The shaded part
isn’t covered, so the square has more area. Therefore,
the area of the 32× 32 square is bigger than the area of
the 40× 24 rectangle.

One purpose of algebra is to turn numerical calculations like
this into generic calculations that work for all numbers. That’s
what you did in problem 5 on page 17. Your argument probably
used pictures like this:
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Write and Reflect:

12. Explain each frame in this picture.

13. Explain how the picture can be interpreted to show that In Mathematics Magazine
there is a feature called “Proof
without Words.” Is the above
picture a proof without words?ab =

(
a+ b

2

)2

−
(
a− b

2

)2
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14. In problem 13 you used a picture as motivation for an
algebraic identity:

ab =

(
a+ b

2

)2

−
(
a− b

2

)2

Prove the identity using only algebra.

A conversation between two people

Oscar : I only understand something when I can visualize
it. Unless I can see a picture of something, it makes
no sense to me.

Claudia: What do you mean by “picture?” Is every mental
image a picture? What do you see when you think
of

ab =

(
a+ b

2

)2

−
(
a− b

2

)2

Oscar : I see this (writing on the board):

Surely, Claudia, when you think of the identity,
you see something .

Claudia: Yes, I see this (writing on the board):

ab =

(
a+ b

2

)2

−
(
a− b

2

)2

For Discussion:

What exactly is the rôle of visualization in mathematics?
Are algebraic expressions less visual than geometric fig-
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ures? More abstract? What are the limitations of a “vi-
sual” explanation? Do you think there are students for
whom geometric figures are a hindrance?

Thinking About Student Thinking:

Joon explains the identity

ab =

(
a+ b

2

)2

−
(
a− b

2

)2

this way:

“Look at the right side. If you expand the binomials,
you get two fractions, each with denominator 4. So,
you can combine the numerators. But if you do that
the square terms cancel, the middle term of the second
binomial changes sign, and it combines with the first
middle term, so you get 4ab. Over 4. So, it’s ab.”

Would you accept Joon’s explanation? What would you
say about it?

The identity ab =
(
a+b
2

)2 −
(
a−b
2

)2
can be exploited in many Often,when you look at an

algebraic identity, you can
find “hidden meanings.”

ways.

15. Is (a−b
2

)2 ever negative? Is it ever zero? Explain your
answers.

16. Based on your answer to problem 15, show that, if a and
b are non-negative numbers,

ab ≤
(
a+ b

2

)2

where equality holds if and only if a = b.

The inequality you devised in problem 16 turns out to be very
important in mathematics, and it can be used to solve all kinds If a and b are not negative,

both sides of this inequality
are not negative, so you can
take the square root and
preserve the inequality:

√
ab ≤

√(
a+ b

2

)2

=
a+ b

2

This is the standard way to
write the inequality.

of optimization problems. It’s so important it’s given a name:

Theorem 3 The Arithmetic Geometric Mean inequal-
ity . If a and b are non-negative real numbers,then

√
ab ≤ a+ b

2
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Let’s abbreviate the theorem by calling it the “AGM.”

Before we see why it’s such a big deal, let’s look at the reasons
behind its name:

The arithmetic mean of two numbers a and b is their average.
It is the number m that makes the sequence

a,m, b

an arithmetic sequence (m− a = b−m).

The geometric mean of two numbers a and b is the number rWhat’s so geometric about the
geometric mean? Or about
geometric sequences? See if
you can find examples from
secondary mathematics that
explain why the term
“geometric” is used for the
geometric mean and
geometric sequences .

that makes the sequence

a, r, b

a geometric sequence (so that a
r

= r
b
).

The AGM simply says that the geometric mean is never bigger
than the arithmetic mean. Another way to think about the
AGM is to use some facts from high school geometry.

17. Prove that the altitude to the hypotenuse of a right trian-
gle is the geometric mean between the segments into which
it divides the hypotenuse.

CF
EF

= EF
FD

18. Prove that an angle inscribed in a semi-circle is a right
angle.
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\E is a right angle

19. Use this figure to provide another proof of the AGM:

How big is the radius of the
circle?

20. Using problem 19, when are the two sides of the AGM
equal? That is, when is

√
ab = a+b

2
? Explain.

21. Use this figure to provide another proof of the AGM:

Hint: Four rectangles of area
ab don’t quite fill up an a+ b
square.
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22. Using problem 21, when are the two sides of the AGM
equal? That is, when is

√
ab = a+b

2
? Explain.

Given the results of problems ??, 20, and 22 we can strengthen
the AGM like this:

Theorem 4 The AGM: New improved version. If a and b
are non-negative real numbers, then

√
ab ≤ a+ b

2

and the two sides are equal if and only if a = b.

Using the AGM

The AGM is an inequality and inequalities can often be used to
solve optimization problems, especially if you know the condi-
tions under which both sides are equal.

Thinking About Student Thinking:

Jake was working on problem 1 from the previous activity:

Of all the pairs of numbers that sum to 20, which has
the greatest product?

Jake reasoned like this:

If the numbers are a and b, then a+ b = 20 and I want
to maximize ab. Hmmm. Sum and product makes me
think AGM. I know that

√
ab is never bigger than a+b

2
.

But
a+ b

2
=

20

2
= 10

so
√
ab is never bigger than 10. That means that ab is

never bigger than 100.
Is it ever equal to 100? The AGM says that

√
ab =

10 precisely when a = b. So the largest value of the
product ab is 100, and this happens when a and b are
equal, so when a = b = 10. Done.

23. Critique Jake’s reasoning. Is it a correct application of the
AGM?

24. How would Jake solve this problem?
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Of all pairs of numbers that multiply to 81, which
two have the smallest sum?

25. If you want to build a rectangular pen with area 100 sq.
ft., what’s the least amount of fencing you’ll need to use? Problem 25 is “the same” as

one you’ve already solved.
Which one? In what way are
they the same?

What shape will the pen be if you use the minimal amount
of fencing?

26. Prove the following optimization theorem using the AGM:

Theorem 5 Suppose a and b are restricted to be non- These are essentially
problems 12 and 13 on
page 42. Solve them here
using the AGM.

negative.
(a) If the sum a+ b is constant, the product ab is a max-

imum when a = b.
(b) If the product ab is constant, the sum a+ b is a min-

imum when a = b.

27. Give a proof of theorem 2 on page 53 that uses the AGM.

28. Use theorem 6 to solve the following problem:
Find the maximum value of CN if 10C+12N = 24 C might stand for “cost” and

N for “number sold.”
29. On a trip of 100 miles, a trucking company knows that the The cost of the trip is the cost

of gas plus the driver’s wage.
Is the assumption about the
fuel cost reasonable?

fuel cost in dollars will be about 1
5

of the average speed in
miles per hour. If the company pays its drivers $18 per
hour, what average speed will minimize the cost of the
trip? What will the least expensive trip cost?

30. Show that the sum of a positive number and its reciprocal
is never smaller than 2.

31. Suppose

f(x, y) = (x+ y)

(
1

x
+

1

y

)

What is the minimum value that f takes if x and y are
positive numbers?

32. The area of an ellipse is πab where a and b are half the Can you prove that the area
of an ellipse is πab? Does this
formula make sense?

lengths of the major and minor axes. Suppose the sum of
the lengths of the major and minor axes of an ellipse must
be 100. Which ellipse has the largest area?

33. If f(r, s) = 2rs, what is the minimum value taken on by
f if 6r + 4s = 12

Thinking About Student Thinking:

Nicky has another proof of the AGM:
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Start with an obvious fact: (a− b)2 ≥ 0
work this out: a2 − 2ab+ b2 ≥ 0
Add 4ab to both sides: a2 + 2ab+ b2 ≥ 4ab
Factor the left side: (a+ b)2 ≥ 4ab

divide by 4: (a+b)2

4
≥ ab

Square root both sides: a+b
2
≥
√
ab

Write and Reflect:

34. Explain and critique Nicky’s work.

35. Suppose (a, b) and (c, d) are two points on the unit circle.If you know about vectors,
does ac+ bd look familiar? What can you say about the possible values of ac+ bd?

Hint : Since all numbers are positive, numbers,

a2 + c2 ≥ 2ac and b2 + d2 ≥ 2bd

Add these inequalities.

More than two variables As promised on page 53, we can
extend the AGM and it’s uses in optimization to more than two
variables. Let’s start with four variables (we’ll come back to
three in a minute).

Suppose you have four numbers a, b, c, d. The arithmetic
mean is defined as a+b+c+d

4
. The geometric mean is defined asAnd, in general, the

arithmetic mean is
a1 + a2 + · · ·+ an

n

and the geometric mean is
n
√
a1a2 · · · an.

4
√
abcd.

36. Suppose you start with a sequence of numbers a, b, c, d, but
you replace a and b by two numbers equal to the arithmetic
mean a+b

2
. What happens to the sum of the four numbers?

(Does it increase, decrease, or stay the same compared
with the original sum?) What happens to the product of
the four numbers? Explain your answers.

37. Prove the AGM for four variables? That is, can you showHint: Use the result of
problem 36 on a, b and on
c, d. Then use the AGM for
two variables.

4
√
abcd ≤ a+ b+ c+ d

4

When does equality occur?

c© Education Development Center, Inc. 2002 GAMT: May 24, 2002



Using the AGM

Draft: Do Not Quote

Page 63

38. Show that
4
√
abc

3
√
abc =

3
√
abc.

39. The AGM inequality for three variables says that if x, y,
and z are any three positive numbers, then

3
√
xyz ≤ x+ y + z

3
Prove the AGM for three variables. When does equality Hint: Use the result of

problem 37. Let d = 3
√
abc,

the geometric mean of the
three numbers.

occur?

40. If you were going to prove the AGM for n variables using
the technique outlined in this problem set, what case would
you tackle next? What would be your overall strategy?

Write and Reflect:

41. State and prove an AGM for any number of variables and
check it out numerically. There are many classical ways to
prove the theorem. One is suggested in the previous prob-
lem set. Another is outlined in Camille’s method below.
Still another is due to Augustin Cauchy (1789-1857). If
you get stuck, go to a library and look up a proof, rewrit-
ing it in your own words and illustrating the proof with
examples.

Thinking About Student Thinking:

Camile has an algorithm for proving the AGM in any num-
ber of variables. She illustrates with an example:

“Suppose my numbers are {1, 3, 4, 8, and 9}. I replace
the smallest by the average of all the numbers and the
largest by the sum of the smallest and largest minus the
average of all the numbers, keeping the sum constant
and increasing the product. Then I keep doing that,
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like this:”

1 · 3 · 4 · 6 · 9 < 5 · 3 · 4 · 8 · (1 + 9− 5) = 5 · 3 · 4 · 8 · 5
< 5 · 5 · 4 · 6 · 5
< 5 · 5 · 5 · 5 · 5
= 55

42. Try Camile’s method for {2, 3, 7, 8, 10, and 12}
43. Does Camille’s method always work? If so, give a proof.

If not, explain why.

44. Prove the following optimization theorem:

Theorem 6 Suppose a, b, and c are restricted to be non-
negative.
(a) If the sum a+ b+ c is constant, the product abc is a

maximum when a = b = c.
(b) If the product abc is constant, the sum a+ b+ c is a

minimum when a = b = c.

45. Generalize the result of problem 44 to n variables.

Here is a common problem in secondary mathematics curric-
ula, also suggested in the NCTM Standards :

PROBLEM

The Jar Problem. You are asked to manufacture a cylin-
drical glass jar that has an open top. What are the proportions
of the least costly jar which holds a given amount?

The assumption is that the cost of manufacturing a jar is only
dependent on the surface area of the jar (how much material is
used). Student investigations usually include data-gathering,
writing equations, and graphing. Could high school students
solve this problem exactly?

46. (a) What is the volume of a cylinder in terms of the
radius of the base and the height?

(b) What is the surface area of a cylinder in terms of the
radius of the base and the height? (Remember, it’s a
jar so it has no “top.”)
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(c) According to the problem, which of these will we be
holding constant? Which are we trying to minimize?

Write and Reflect:

47. Investigate this problem any way you choose. Make several
cylinders of the same volume and different surface area,
graph an equation, or do something else to come up with
a conjecture. Describe how you investigated the problem,
what you concluded, and how certain you are of your con-
clusions.

48. (a) Show that you can write the surface area for the jar
as S = πrh+ πrh+ πr2.

(b) Show that, in the context of this problem, the prod-
uct (πrh)(πrh)(πr2) is a constant.

(c) From problem 44, what can you say about minimizing
the sum S = πrh+ πrh+ πr2?

Another optimization problem that high school students often
see:

PROBLEM
You’ve already solved the
analogous problem for
rectangles, and you can
probably guess at the answer
here. But can you solve it
with the AGM?

The Triangle of Fixed Perimeter Problem. Of all tri-
angles with a fixed perimeter, which one has the most area?

A useful fact for solving this problem relates the area of a
triangle to its sidelengths : The standard formula for the area
of a triangle is A = 1

2
bh or, “half the base times the height.”

Another area formula, known as “Heron’s formula,” involves
only the three sidelengths a, b, c: s is called the

“semiperimeter” of the
triangle.A =

√
s(s− a)(s− b)(s− c) where s =

1

2
(a+ b+ c).
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Write and Reflect:

49. Look up a proof of Heron’s formula, or come up with your
own. Are you convinced it works? How can triangles of the
same perimeter have different areas at all, if area depends
only on sidelengths?

50. Investigate the “triangle of fixed perimeter” problem in
any way you choose: with dynamic geometry software, us-
ing data collection, etc. Write up your conjectures.

51. (a) In Heron’s formula applied to this problem, what val-
ues are fixed and what values vary?

(b) Use algebraic manipulations to rewrite Heron’s for-

mula in the form A2

s
= (s− a)(s− b)(s− c).

(c) Show that the sum (s−a)+(s−b)+(s−c) is constant
in this problem.

(d) From problem 44, what can you say about maximiz-

ing the product A2

s
= (s − a)(s − b)(s − c)? Does

this maximize the area of the triangle? What kind of
triangle is it?

Thinking About Student Thinking:

Susan claims she can solve the triangle with fixed perimeter
problem without any fancy machinery. She says,

“Suppose the fixed perimeter is some number, like 10.
Suppose you show me the best possible triangle, the
one with the most area. If two of its sides are not equal,
I can make the area bigger by keeping the third side
constant and thinking of the other two sides as a piece
of string. I can move my pencil, like I was making an
ellipse, until the two sides are equal. That will keep the
third side the same (which I’m thinking of as the base),
keep the perimeter the same, and increase the height of
the triangle, making the area bigger. I guess I’m saying
that if two sides aren’t equal, I can tweak the triangle
and not change the perimeter but make the area bigger.
So the best triangle has to have all sides equal.”
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52. What is Susan trying to say? Is there any merit to her
argument? Does it contain any holes?

Checkpoint: Some Miscellaneous problems

Here are some problems that you can solve any way you want.

53. What is the maximum value of xyz as (x, y, z) roams
around the plane with equation 3x+ 4y + 7z = 12?

54. What is the maximum value of xyz as (x, y, z) roams
around the plane with equation ax+ by + cz = 12?

55. A point moves along the graph of xy = 8 in the first
quadrant. What is the minimum value of 3x+ 4y?

56. Show that the sum of n positive numbers times the sum
of their reciprocals is always greater than or equal to n2.
When is this product exactly equal to n2?

57. Show that if x, y, and z are non-negative,

xyz ≤ x
3 + y3 + z3

3

When are both sides equal? Generalize to n variables.
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